Chapter 7 K

Numerical Differentiation
and Integration

INTRODUCTION

onsider a f'unctio_n of single variable y = f(x). If the function is known and
simple, we can casily obtain its derivative(s) or can cvaluate its definite integral,
However, if we do not know the function as such or the function is complicated
and is given in a tabular form at a set of points x4, xy, ..., X, we use only

qumerical methods for differentiation or integration of the given function. We
ghall discuss numerical approximation to derivatives of functions of two or more
variables in subsequent chapters to follow under partial differential equations.
In the next couple of sections, we shall derive and illustrate various formulae for
numerical differentiation of a function of a single variable based on finite
difference operators and interpolation. Subsequently, we shall develop
Newton—Cotes formulae and related trapezoidal rule and Simpson’s rule for
numerical integration of a function. Finally, we shall present Gaussian Quadrature

formulae for evaluating both simple and multiple integrals.*
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7.2 DIFFERENTIATION USING DIFFERENCE OPERATORS

We assume that the function y = f(x) is given for the values of the indcp;ndcnt
variable x = xo + ph, forp =0, 1, 2, ... and so on. To find the derivatives of
such a tabular function, we proceed as follows.

operator A and combining Egs. (6.27) and

hD=log E=log (1 + A) (7.1)
or. In terms of 4, Eq. (7.1) gives

¥'Case I: Using forward difference
(6.31) we have

where D is a differential operator, E a shift operat
3 4 5
1(A_93_+3:-__9_+9__...J 02

D= I 2 3 4 5
Therefi |
Df(x) =f (Xo)';; Af (x0) 2 3

5 d
A f(x) A f;:‘ﬂ....) ..] = = fxo)

the der may consult Hildebrand (1982).] y
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In other words,
4
, 1 Aty A3}'o_.é._xfl v
Dy, =y = '}"'[A}'U - ___2_11 T3 T4 * (73
Also, we can easily verify
DZ_...!._ u.li £._....A_i :—l—(az" . -1-_1.6‘ 6A5+'”) (?4]
i 2734 % B

| v/
d’y 1 3 11 4, 38
2 ) ” 1, e A +
D%y, ; =J‘0=;'T[‘5- Yo A)’o"'lzﬁ Yo~ % Yo (73)
v/Case 1I: Using backward difference operator V, we have seen in Example 6 5
that AD = -log (1 - V).
On expansion, we have

2 3 4 2
D2=L2 V+V_+V_+E_+ =%(V2+VS+11V4+—5—V5 )
h 2 3 h 6
Hence, ‘ (1)
d 1 Viy, V3y, T4y
—y, =Dy, =y, =—=|Vy, +—8 4 —2n 2 8
an

"o 1 11 5 '
Vn -'Dzyn =F{vz}’n +V’y" +EV‘}PR + Evsy" +...) (']9)

Thf fqrmulnc (7.3) and (7.5) are useful to calculate the first and second
dcr{vanvcs at the beginning of the table of values in terms of forward differences
while formulae (7.8) and (7.9) are used to compute the first and second
dcnva.mr'cs near the end points of the table, in terms of backward differences:

Similar formulae can also be derived for computing higher order derivatives

To compute the derivatives of a tabular function at points not found in th¢
table, we can proceed as follows: . .

Recalling Eq. (6.34) in the form

Yo + ph)= y(x,) + pVy(x,) +'E%T+i)-v’y(x,) L PP+ ;)'(p +2) gy(x)

pPip+1)(p+2 .
+ : 4] )(p +3) V‘y(xn)‘i‘ s | (7,9’)
LoC[ X = xu

+ = . \ ith
respect to x, we ;J::' then p = (x - x,)/h. Now, differentiating Eq. (7.99)

A
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dy dydp 1 2p+1 3p 4 6p <2
u’:—v—=——=—-v 2 P ’p 3‘_

Y T dx dp dx h Yo ¥ 2 Viyn + 6 Vya

4p +18p* + 22p + 6
+ >4 VoY, - (7.95)
-

pifferentiating this result once again with respect to x, we arrive at the second
derivative as

pody_d ndp 1|0 3. 6p* +18p+11_,
Y -d_xz—dp(y)dx-h_? Vy,,+(p+1)V y, + 12 vyﬂ-l-...}

(7.9¢)
Equations (7.9b) and (7.9c) are Newton'’s backward interpolation formulae,
which can be used to compute the first and second derivatives of a tabular
function near the end of the table. Similar expressions of Newton's forward

interpolation formulae can be derived to compute the first- and hsghcr—ord:r
derivatives near the beginning of the table of values.

\/Cm III: Using central difference operator & and following the definitions of

differential operator D, central difference operator § and the shift operator E, we
have

hD
5-E'”—E"’2=e‘m-e"‘m=2siuh—2—
Therefore, we find

=sinh™

hD
- (7.10)

(SRR~

But, ;
12, 1x3 £ _1x3x5 £

. -1 - -
sinh™ x =X +55 45 2x4x6 17

Using this expansion into Eq. (7.10), we get

o & _ & -
2 "2 6x8 40x32
That is,
| 1 5 - )
p=3{8- u %o
Therefore,
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Also E
Dz_lz( 1 Lgo 1o )
h 2 90
Hence, /
y" =Dy = Lfo%y - Lotys Loty - ] (7.12)
h? 12 90

For calculating the second derivative at an interior tabular point, we use

Eq. (7.12), while for computing the first derivative at an interior tabular point, we

in general use another convenient form for D, which is derived as follows.
Multiplying the right-hand side of Eq. (7.11) by

u

;?1 + (644)

which is unity and noting the Binomial expansion

12 '
[l+ lﬁzj =1 - lc52+—3—3‘ - —L85+
4 8 128 48 X 64
We get
al(, 1, 3 1 3
D=HH1- -8+ =5 - .. |62 L&+ 55 — ...
h( 3% * 1280 )(5 24° i 5m? )

__V On simplification, we obtain

H 1oy 4 .
D=>=§ - =6 +—8 < ...
h( 6 120 ]
Therefore,

’: =E. _13 Ls V/
y" =Dy h[ﬁy 65y+305y~-"] (7.13)

Equations (7.12) and (7.13) are known as Stirling's formulae for computing the

derivatives of a tabular function. Similar formulae can be derived for computing

higher order derivatives of a tabular function, Equation (7.13) can also be written
in another useful form as

LM P o 02 (11233
y = h[ay e ‘j—!a y+ T6 y ———__‘;!____57),.*_ .--] (7-14)

In order to illustrate the use of formulae

Ak derived so far, for computing the
derivatives of u tabulated function, we shall

consider the following examples.

"
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Example 7.1 Compute S7(0) and S0 =

. (0.2) from the following tabular data
x 0.0 0.2 |

(6 100 175 ga 06 08 1g
: 3561396 41.96 10100
Solution Since x = 0 and

. . 0.2 .
it is apPropriate to use forn l appear at and pear beginning of the tabje
rivatives. The diff, \rae based on forward diff, ‘
de . 1lference tab)e for the given data s dclpig;gcljsl =
clow:;

o
) Afx 2
W)Aﬂ"ﬂ’fﬂ A A

02 g 216
04 356 240 o 576

06 1396 040 ' .

' 31,
10 10100 904 B

Using forward difference formula (7.5) for D(x), ie

D2 ey = L [ a2 _ 11 5
f(x) % [a f(x) A’f(x)+l—2-A‘f(x) ~ EA’f(x)]
We obtain

' # __1 11 5
"(0) = [2.24 - 5. o] = =
f - 0 76 + 12(3.84) 6(0)] =0.0

Also, using the formula (7.3) we have

3 4

o

Hence,

2 3 4
Df (x) = %[Af(.t) = B Jg(") LAS) A f(x)}

800 9.60 3.84) =32

' 0.2) = -
f7(0.2) = [2.40 D ;

02

=
Example 7.2 Find y'(2.2) a1d y"(2.2) from the table

x 14 16 18 20 22
y() 40552 49530  6049% 73891  9.0250

occurs at the end of the table, it is appropriate to

Solution Since x = 2.2 kward difference table

use backward difference formulae for derivatives. The bac
for the given data is shown as follows:
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________._..-—-""""'__ V 3 "
p vy
x Mx) __E’_i_’___'_____,,——— 1

1.6 49530 10066 02429 (0535
1 .8 6,0496 1 3395 0_2964

2.0 7.3891 6359

2.2 9.0250

144

0.0094

.9) for y ‘(x) and y"(x), |
Using backward difference formulac (7.8) and (7-9) 4 Y7x), we hay,

I ¢h+fh+vh]
Therefore,
1 2964 | 00535 9%)21] =5(1.8043) = 9,025

v (2.2) = 6_5(1 6359+ —5 3

Also . \
1 3y +—=V n)
y:=;;?[v3’ tVhtip )
Therefore, i
"(2.2) = _.__1__- [0.2964 +0.0535 + 5(00094)] =25 (0.3585) = 8.9629

y ( | / (0.2)2 -
Example 7.3 From the following table of values, estimate y'(2) and y"(2) using
appropriate central difference formula:

x 0 1 wld 3 4

y  6%897 74036 77815 81281 84510

Solution The central difference table for the given data is given below:
y Sy &% & 8%y

69897 04139

X
0 .
1 7.4036 -0.0360 .

= 03779 - 0.0047
§ 7.7815 W-O'ONS"’)W 0.0029

8.1281 -0.0237
4 8.4510 0.3229

. Now, using central difference formula (7.13), we shall compute the first derivative .

M 1 1 '
yl=._ 5 i _53 701 . N J
h[)’ 6 y+305y g
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o the present example
n

"{2) — .l. wﬁﬁ 1 0
i ! . R ~1047 + 0.0074>
te the second derivat; ZE‘] =0.3¢
To comp! envative, we shall yge e
) ¢
" 1 -~ Dnnl.lla {?'lzi. F
Y= =8y - 1 o i hus,
kz Lt ,}’ + . 'i(' . 3
12 %{ Y- I
jn this example, | J

” 1 .
y'@ = (00313 03029
] 12 |7 = 00315

case IV:  (Twe- and three-point formulae);

Retainij
Eq. (7.3), we can get another useful form for th AINIng only 1 first term i

e first derivatiye a

. A i i+1 — ¥ ! :
yll = ‘_}-Jt_- = yl+l'_—“-; y*- = M:_ﬂx") .
I : (7.15)
Similarly, by retaining only the first term in Eq. (7.8), we obtain
Y = -E--"+ = _l"._:__l:.l_ . y(x;) ~ ¥, — k)
h h i (7.16)
Adding Eqgs. (7.15) and (7.16), 've have
v 2R -y -k
L % (21N

Equfu?ons (7.15) -- (7.17) constitute two-point formulae for the first derivaive, By
relaning only the first term in Eg. (7.5), we get

2 .
2 BN Jup Wiy _ Yo 420 - 2y(x + k) + 3(x)

it PR 2 (7.18)
Similarly, Eq. (7.9) gives -
yre B2 Y0) = 2908 = B) + y(x - 20) 719;
h* h?
Vil fetaining only the first term in Eq. (7.12), we obtamn
¥ = &y =) Wiz = Vi _ Y — it
' _ Y = k) = 2y(x) +y(x5 + h) (720)
Equa; ' K . cond
dﬂ‘ivagzi (7.18)-(7 20) constitute three-point formulae for qumputmgi the bs;-;ﬂnllc
Y for ¢ shail see later that these two- and three*;;mnt fonn:i ::ztion -
htcmﬁnmdevEI°pi93 extrapolation methods to numerical differen
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| approximated i,

| is reasonably wel

Che piven tabular function J'(") 18 "“?st]m‘ the rcSult of .‘}n'(_t) will al
[ thxnt];ﬂ p.(x) of degree n, it 18 hope« Jerivative of y(x). However, o,
1313“';.; s approximate the corresponding is. their derivatives or slopeg .
:1‘ ;Q t‘f) and v (v) coincide at the tabular pf)lll?lst;'atc 4 in Fig. 7.1. y
suhsl:\miall); differ at these points as 15 1

' y@, P

" Numerical Mt
14h i —

73 DIFFERENTIATIO

X
Fig. 7.1 . Deviation of derivatives..

Fo; higher order derivatives, the deviations may be still worst. However we' g '.
estimate the error involved in such an approximation. '

. Fm: non-equidistant tabular pairs (x;, y), i =0, ... , n we can fit the data by
using enhe:: Lagrange’s interpolating polynomial or by using Newton’s divid
difference interpolating polynomial. In view of economy of computation,' :

Ef‘:fer the use of thf: latter polynomial. Thus, recalling the Newton's divid
difference interpolating polynomial for fitting this data as |

P(x) = ylxol + (x = x)ylxg, x;] + (x - )& = x)y[xg, xy, x5] + -
n-1

+ (x—'xl)y[ lx'l”" )

b X0 1 n] ) (7-2

Assuming that Pa(x) is a good approximation

approximatron to y‘(x) can be obtained by different

rule of differentiation, the derivative of the produ
follows:

10 y(x), the polynomit!
lating P,(x). Using produ®
Cts in P,(x) can be seen &

n-1 ’ n-1 ‘
A c-0=Y E=0C -5 -x)
dx i i=0 x=x

|
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ximated by P)(x) which is given by

1

v is apPre
{hos pr(x) = ¥ o ] + (e x) &= xo)] ylxg, xi, x) +

-
AN (x = X)X = x) e (x = x )
, Z X9 !  Mxg, Xy, voe, x| (1.22)

| i.ﬂ X = .r'
estimate in this approximati'on can be seen from the following.
The scrciion 6.6.3, we have seen that if y(x) is approximated by P,(x), the error
e is oW 10 ¢
g = y(x) - P,(x) = ) nen g
Eﬂ(-r) =) n (n + n' {723)
jerivative with respect to x can be written as
Its
n'(x) (n+1) H(x) d (n+1)
. - — b —
E/(x) = Y'(%) Fi(x) - w 6 et D) s 6) (724

since &) depends on x in an unknown wzy the derivative
in

_i n+l)
2y

of the tabular points x = x;, [1(x) vanishes

wever, for any
ot be evaluated. Ho the error term in Eq. (7.24) at the tabular

ind the difficult term drops out. Thus,
poiltt X = X; simplifies to
(n+1)
o 2T ,
£;(s) = Earor = IT03) (n+1)! (72)

for some ¢ in the interval / defined by the smallest and largest of X, Xo, X1, -+

rand ..
M(x) = (% = Xg) ** (x - X,) = l—_! (% = ‘rj) (7.26)
j=

j#i

d be expressed

' i indee
The error in the rth derivative at the tabular points can ind

wnalogously.
To understand this me

thod better, we consider the following example.

g the method

ing data usin
E“ﬁpk 7.4  Find y'(0.25) and)"(0.25) from the following

based on divided differences: Eme
035

T B 7 032
x * o;s oz 0B 0 o ok

4
y=f(x) 01761 0322 03617 043!
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—_—

Solution We first construct divided difference table for the given data 5

i follows:
E Ist divided 2nd divided 3rd divided 4;1522'::1;‘1 Sé?fr::_“ﬂcd
i x y difference  difference dfffﬂl”_e_“f____'__ : _in_':_'i__
Xo=0.15 0.1761 REEs
=021 03222 9750 -57500 L sp 4423
;=023 03617 -3.8750 172.2
1.7425 8.1064 -9.79
x3=027 04314 ~2.9833
1.4740 6.7358
xg= 032 0.505] -2.1750
| 1.3000
| xg= 035 05441 —

Using Newton's divided difference formula (7.21), we have

1: : Wx) = ps(x) = yxo) + x = Xo) y[xe, X1 + &= — xp)(x —x1) ¥[Xo X1, X))
1' + (x = xo)(x — X))(x — x2) Y[¥o, X1 ¥ x3]

l. + (x - xg)(x — x)(x = xX)(x — x3)y [X0, X1s X25 X35 X4]

|

| Now, using values from the above table of divided differences, we obtain
4 '

Wx) = 0.1761 + (x - 0.15) 2.4350 + (x - 0.15) (¥ — 0.21) (-5.75)
. + (x— 0.15) (x - 0.21) (x— 0.23)15.625
". + (x—0.15) (x = 0.21) (x - 0.23) (x - 0.27) (-44.23)
+(x - 0.15) (x - 0.21) (x - 0.23) (x— 0.27) (x - 0.32) 1722 ()
Differentiating Eq. (1) with respect to x, we get
y(x) = 2.4350 — (2x — 0.36)5.75 + 15.625(3x* — 1.18x + 0.1143)
~44.23(4x° — 2.58% + 0.5472x — 38.105 % 1073)
+172.2(5x* - 4.72¢° + 1.6464x> - 0.2515x + 14.15x 107)  (2)

Which immediately gives

)(0.25) =2.4350 - 0.805 +0.10625 + 2.432 x 10 - 7.5338 x 10~> = 1.7312

Now, differentiating Eq. (2) once again with respect to x, we obtain |

Y'(x) = 3444x" — 2969.112x2 + 888.99696x — 91.700456
which gives at once

¥

Y(0.25) = 53.8125 ~ 185.5695+ 222.24924 — 91.700456 = —1 208216

7.4 RICHARDSON'S EXTRAPOLATION METHOD

;I'tt;rinplprmfe the acquracy of the derivative of a function, which is computed by
Starting with an arbfh'arlly selected value of k, Richardson's extrapolation method
1s often employed in practice, as explained below:

Suppose we use two-poi 3 ‘ i :
. -point formula (7. e of @
function, then we have - ( 17) tvla compute the derivative
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Yix) = XX+ h) — y(x - p
i T = ~ v E = F) + B

where £ is the runcation ¢rror. Using Taylor’

s series expansion, we can see that
LT - CIh -+ (‘2}; +- ('3;'6

¢ idea of Richar :
Th dson’s extrapolation is 10 combine two computed values of

(x) using the s : . .
:[:11) '-17(] Same method but with two different step sizes usually 4 and
/2 to yield a higher order mcthod. Thus, we have

Y(x) = F(h) + cih? + e h* +
and .

Here, ¢i arc constants, independent of h, and F(h) and F(h/2) represent
approximate values of derivatives. Eliminating ¢, from the above pair of

equations, we get
h
4F (2) - F(h)

3

+d,h* +0(h®) - (727)

y'(x) =
Now, assuming

4F(-}—IJ - F(h)

h 2
F ( _J _ 3 (7.28)

Equation (7.27) reduces to
B e 6
y'(x) = F [5) +dih” + O(h)

Thus, we have obtained a fourth-order accurate differentiation formula by

combining two results which are of second-order accurate. Now, repeating the

above argument, we have

h
y'(x) = F|('£J + dih* + O(h°)

hY okt
y(x) = F) [Z) e O(h%)

Eliminating d, from the above pair of equations, we get a bettcr app Foximation
as

h 6
Y = Fa| 7] + 069
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which i :
h is of sixth-order accurate, where

A (2)- #A(5) - A(3)

4% - ]

(7.29 )

This extrapolation process can be repeated further until the required accury,
Is achieved, which is called an extrapolation to the limit. Equation (7.29) ¢,
be generalized as

me [ B
F.( h]= 4 Fm—l[g_m) - Fm-l(zm—lx‘

o 4™ - 1

n = 1, 2, 3. - (130}

where Fy{#) = F(h). .
To illustrate this procedure, we consider the following example.

Example 7.5 tIsing the Richardson’s extrapolation limit, find y'(0.05) to the
function y = —1/x, with & = 0.0128, 0.0064, 0.0032.
Solution To start with, we take, & = 0.0128, then compute F(h) as
1

1 .
Foy < Y&t W =y =k _ "005+ 00128 005 - 00128
2h 2(0.0128)

_ —15923566 + 26.88172
0.0256

Similarly, F(/2) = 406.66273. Therefore, using Eq. (7.30), we get

= 42805289 (1

A 4F(EJ - F(h)
f (_] = = 399.5327 @
2 4 -1 ]
which is accurate to O(h%). Halving the step size further, we compute
h) . 005+ 00032 005 -0 3
F —_— = = -0032 - 5 ()
( 22) 20502, = 4016451

and

F = 399.97263
, B 399972

PO I
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S Num
J-‘-.‘E_In]n’ USing Eq (?3”}. we ()hlﬂiﬂ
’
. h
(Y 4 ’*lﬁ) - "‘3(‘]
f‘zl — l S 2
= . = 400.00195 ()

fhe above compuiation can be summarized in the following table:

h F FI FZ
0.0128 428.0529
0.0064 406.6627 SEPds4T 400.00195
399.9726 '

0.0032 401.6452

I:It:lsc, faﬁcr twa steps, it is found that 3'(0.05) = 400.00195 while the exact
. 1S

’ 1 1
y'(0.05) = (——) = So0ss = 400
xz x= 0‘05 0- 25
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